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Abstract. The two popular approaches to system identification problems, parametric and nonparametric, are presented and discussed. In particular, the convergence conditions and convergence rates are compared along with their numerical
properties. The semiparametric approach, which possesses advantages of these
both is proposed and its examplary forms are presented.

1

Introduction

The basic goal of system identification is to discover a formula governing a relation between system (phenomenon) inputs and outputs. Typically, the identification algorithms
are derived from statistical framework – in order to cope with a random nature of the
measurements.
When dealing with a statistical inference, one distinguishes two types of available
information: theoretical and empirical. The former is given a priori, and is in a form of
laws and resulting equations, and the latter comprises measurements collected during
experiment. Depending on the range of the prior knowledge, one can distinguish two
approaches: parametric and nonparametric one. The first should be applied when the
knowledge is rich enough to build a parametric model of the system (or its characteristics) – in this case measurements are used to determine model parameters. The other,
alternatively, is employed when such a knowledge is poor, and no reliable model can
be proposed – there, the only source of information about the system can virtually be
gained from measurements.
We present several state-of-the-art examples of these approaches, comparing and
discussing their properties in a context of recovering a nonlinear characteristic in Hammerstein systems. Then we propose a new approach to system identification – a semiparametric one – which combines the former two and has already been investigated in
statistics and applied to econometrics, [15].

2

Nonlinearity recovering in Hammerstein systems

The goal of the algorithms is to recover a nonlinearity in Hammerstein systems. We thus
implicitly assume that the system has blocky structure and both, the types of their components (blocks) and the interconnections between them, are known, and – eventually –
that they compose a cascade of static nonlinearity followed by a linear dynamic element,
viz. the Hammerstein system (see Fig. 1a). This approach, a block-oriented one, is very
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popular due to the following advantages: 1) The blocks are described independently,
thus the identification algorithms can separately be proposed (accordingly to e.g. different a priori knowledge available for either of them) and so analyzed. Moreover, such
blocks, corresponding to mathematical formulas, facilitate the analysis and interpretation of the systems properties. 2) Their numerical implementations are computationally
encouraging. (Note, for comparison, that in a more general approach, the black-box one,
where a system structure is assumed to be unknown and where Volterra/Wiener kernels
are employed, a numerical complexity of corresponding algorithms makes them intractable already for a few kernels; [2].) 3) Hammerstein systems have already found
many practical applications; see [7], e.g. in biocybernetics, [23, 29, 22, 24, 27, 37, 5, 25],
chemistry, [6], control, [26], and in economy, [3] and they are authorized example of
systems pertaining to a broader class (so called block-oriented) including Uryson systems, parallel-cascade systems, multichannel Sm systems, etc.; see [13, 30, 19, 18].
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Fig. 1. a) Hammerstein system, b) A generic scheme of a semiparametric algorithm

A discrete Hammerstein can, in general, be described by the following input-output
relation:
∞
X
yk = vk + zk where vk =
γ i · wk−i and wk = µ (uk )
(1)
i=0

that is, by a discrete convolution of an impulse response of a dynamic element {γ i } with
an output of a static nonlinearity with a characteristic µ (u) – being in turn a nonlinearly
mapped input {uk }. Before splitting into parametric and nonparametric algorithms we
will present several assumptions – common for both approaches:
A1 The input signal {uk } is an i.i.d. process, with an arbitrary probability density function f (u), e.g. smooth or discontinuous.
A2 The noise {zk } is a second order zero-mean process (white or correlated) of arbitrary distribution.
A3 Only a set of input-output measurements {(uk , yk )}, k = 1, . . . , N , is available.
2.1 Parametric prior knowledge
The word ”parametric” means that the system can be represented with the use of a finite
number of unknown parameters, and the input-output equations describing the system
are known a priori. In particular, it is assumed that:
A4 The form of a static nonlinearity is known, i.e., there exists a function µ(u, c) such
that µ(u, c) = µ(u, c∗ ), where c∗ = (c∗1 , c∗2 , ..., c∗m )T is a vector of the unknown
true parameters of the nonlinearity.
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A5 The linear element is of the ARM A(s, p) type, i.e. it can be described by the
following difference equation vk = b∗0 wk + ... + b∗s wk−s + a∗1 vk−1 + .... + a∗p vk−p
with an unknown vector of true parameters θ = (b∗0 , b∗1 , ..., b∗s , a∗1 , a∗2 , ..., a∗p )T , but
with the known orders s, p.
This kind of knowledge is often met in practical applications and is strictly connected with laws of physics or provided by experts, and – usually – it lets to speed up
the convergence. However, if that knowledge is uncertain, an application of the parametric algorithms can cause a systematic (approximation) error resulting in the lack
of convergence of the underlying models to system characteristics (and such ’gap’ between model and system cannot be reduced further even if the number of measurements
grows).
2.2 Nonparametric prior knowledge
Here, the term ”nonparametric” denotes the situation where the model with a finite and
known number of parameters is not available prior to the experiment. The assumptions
that encompass this situation are typical for nonparametric system identification task,
cf. [8, 18, 30], and are:
A6 The input density f (u) and the static nonlinearity, µ (u), are bounded and continuous with arbitrary Hölder exponents ν f and ν µ (i.e. both, the density and the
nonlinearity, can have an arbitrary number of continuous derivatives; that is we only
assume that ν f , ν µ > 0).
A7 The linear dynamic subsystem, {γ i }, is asymptotically stable.

3

A parametric approach: polynomial model with FIR dynamics

In the early papers dealing with Hammerstein system identification,Pthe static characm
∗
teristic was assumed to be linear-in-parameters, i.e., µ(u, c∗ ) =
i=1 ci fi (u) and
the linear
Ps dynamics was assumed to have a finite impulse response (p = 0), i.e.,
vk = i=0 b∗i wk−i , where the orders m and s and the form of functions f1 (),...,fm ()
were known a priori (usually, a polynomial representation was used, i.e., fi (u) = ui−1 ).
Within these setting the purpose of the identification is to estimate the parameter vector c∗ = (c∗1 , ..., c∗m )T representing the static characteristic, using the measurements
{(uk , yk )}N
k=1 of the whole Hammerstein system. Since the internal signal wk = µ(uk )
is not accessible for a direct measurement, the systems with the parameter vectors and
θ = (b∗0 , ..., b∗s )T , c∗ and αθ, c∗ /α are, for each α 6= 0, indistinguishable from the inputoutput point of view. To obtain uniqueness of the solution we assume that ||θ||2 = 1,
where ||.||2 is the Euclidean vector norm, and that first nonzero element of θ is positive.
Let
P ∗ = (b∗0 c∗1 , ..., b∗0 c∗m , ..., b∗s c∗1 , ..., b∗s c∗m )T = (p∗1 , p∗2 , ..., p∗(s+1)m )T
be the aggregated parameter vector of the Hammerstein system, and φk be the genT
eralized input of the form φk = (f1 (uk ), ..., fm (uk ), ..., f1 (uk−s ), ..., fm (uk−s )) .
T ∗
Since yk = φk P + zk , for k = 1, ..., N we obtain the following measurement
equation YN = ΦN P ∗ + ZN , where YN = (y1 , ..., yN )T , ΦN = (φ1 , ..., φN )T , and
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ZN = (z1, ..., zN )T . The estimation may be performed in two steps: Step 1. Compute
the least squares estimate of the aggregated vector P ∗
(LS)
PbN
= (ΦTN ΦN )−1 ΦTN YN

(2)

∗T
b(LS)
∗
and construct the estimate A
using plug in method.
θc∗ of the matrix Aθc = θc
b(LS)
b(LS) =
Step 2. Perform the Singular Value Decomposition (SVD) of A
θc∗ , i.e., Aθc∗
Pmin(n,m)
T
σi µ
bi νbi and compute the estimate of c∗
i=1
(LS)

b
cN

= sgn(b
µ1 [κµ1 ])σ 1 νb1

(3)

where κx = min{k : x[k] 6= 0}.
(LS)
It was proved in [1] that b
cN → c∗ with probability 1 as N → ∞. Nevertheless,
the approach has the following disadvantages: 1) the class of admissible nonlinearities
is narrow, 2) the convergence takes place only if the output disturbance is a white noise,
and 3) the recovering of µ() is dependent on the correctness of parametric knowledge
about the linear dynamics.

4

A nonparametric approach

A nonparametric approach, originated in [9], is based on the observation for Hammerstein systems it holds that
E ( yk | uk = u) = µ (u)
(4)
i.e. that the system nonlinearity µ (u) is a regression function of the output yk on the
input signal uk . To illustrate the approach, we will present two different algorithms,
one based on the regression estimates employing employing Nadaraya-Watson (kernel)
estimate (cf. [9]), and the other, using wavelet orthogonal expansion and ordered statistics (cf. [10]). Their asymptotic properties (convergencies and their rates are jointly
presented in section 4.3).
4.1 Kernel estimate
Kernel regression estimate (studied in [9]) has the form
, N
N
X
X
u − uk
u − uk
) · yk
K(
)
K(
µ̂K (u) =
h(N )
h(N )
k=1

(5)

k=1

where K(u) is a kernel (weighting) function and h(N ) is a bandwidth parameter controlling the range of data used for estimating a regression function µ(u) at a given point
u.
4.2 Orthogonal estimate
Assume that the input signals come from the unit interval, i.e. uk ∈ [0, 1]. Thus, the
nonlinearity – being bounded – is a square integrable function and can be recovered by
a following wavelet estimate (cf. [11, 12]):
µ̂ψ (u) =

M
2X
−1

n=0

α̂M n ϕM n (u) +

m
K−1
−1
X 2X

m=M n=0

β̂ mn ψ mn (u)

(6)
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where ϕM n (u) and ψ mn (u) are scaling functions and wavelets forming an orthogonal
basis in the identification interval [0, 1], see [4], such that wavelets have p = 1, 2, . . .
vanishing moments; M ≥ 1 + log2 p is a fixed initial scale of the estimate, and K is the
scale of the estimate (which increases with a growing measurement number k; cf. [19,
18]). The expansion coefficients, α̂M n and β̂ mn , are estimated with the help of ordered
measurements (i.e. the pairs (uk , yk ) sorted according to increasing values of uk ):
α̂M n =

k
X
l=1

4.3

yl

u
Rl

ϕM n (u) du and β̂ mn =

ul−1

k
X
l=1

yl ·

u
Rl

ψ mn (u) du

(7)

ul−1

Convergence and convergence rates

The following theorem describes jointly the asymptotic properties of the nonparametric
algorithms.
Theorem 1. If in the estimate µ̂K (u), the bandwidth parameter h (N ) (and the scale
K in case of µ̂ψ (u)) are governed by the following rules, respectively
h (N ) = N −1/(2ν K +1) and K (N ) = d1/(2ν ψ + 1) · log2 N e

(8)

with ν K = min {ν µ , ν f , p} and ν ψ = min {ν µ , p}, then both estimates µ̂K (u) and
µ̂ψ (u) converge the nonlinearity µ (u), in probability, with the rates O(N −ν K /(2ν K +1) )
and O(N −ν ψ /(2ν ψ +1) ), respectively.
For the proof, see [34, 9]. Note that the optimal convergence rates (amongst all
nonparametric estimates for a given ν µ ; see e.g. [14, 35]) are achieved
 by the estimates.
Moreover, the rates approach the optimal parametric rate O k −1 , for large ν K or
ν ψ , i.e. for smooth nonlinearities (and input densities), and for appropriately selected
number of vanishing moments (i.e. such that p ≥ min {ν µ , ν K }) of wavelet functions
in (6), and kernel in (5). Note also, that the convergence rate of the first algorithm does
not depend on the input density.
4.4

Generalized methods with filtered output

Let us notice that the Hammerstein system, connected in the cascade with the additional
(programmable) linear filter, belongs also to the Hammerstein class, and has the same
static characteristic as the original one. In some cases it is worth to apply the output linear filtering to reduce the variance of the estimate. In particular, the following averaged
regression function may be estimated with only an obvious slight modification of the
formulas in (7) and in (5)), cf. (4):
o
n
y
+y
µ (u)d1 ,d2 (u) , E k+d1 2 k+d2 |uk = u
instead of µ(u). For discussion concerning optimal selection of d1 , d2 see [28].
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Combined parametric-nonparametric approach

The idea is to join the results obtained for the nonparametric identification of nonlinear
characteristics in Hammerstein systems with parametric knowledge of subsystems and
standard results concerning least squares and instrumental variables, taking advantages
of both. In [16], the combined parametric-nonparametric algorithm has been proposed
for the identification of parameters appearing linearly in the static nonlinear element followed by the FIR linear dynamics. The mixed approach can be generalized (see [17])
for: 1) static characteristic µ() not linear in the parameters, 2) linear dynamics with the
infinite impulse response (IIR), 3) correlated output noise. The method is two stage.
Stage 1 of the algorithm (nonparametric) consists in nonparametric estimation of interaction inputs wn = µ(un ) in some N0 points u1 , u2 , ..., uN0 , to cope with their inaccessibility for direct measurements. In Stage 2 (parametric), using the obtained estimates
0
w
bk of wk , we identify parameters of the nonlinear block using the pairs {un , w
bn }N
n=1 .
When identifying µ(), no a priori knowledge (model) of the linear dynamics is required.
Due to the general form of subsystems and correlation of the output noise, the linear
least squares approach fails, and the nonlinear least squares technique is applied instead
of. The algorithm has the following form.
Select u1 , u2 , ..., uN0 such that the parameter vector c∗ is identifiable.
N

Stage 1 (nonparametric): On the basis of N input-output measurement data {(uk , yk )}k=1 ,
for the selected N0 input points {un ; n = 1, 2, ..., N0 } estimate the corresponding interactions {wn = µ(un , c∗ ); n = 1, 2, ..., N0 } as
w
bn,N = µ̂K (un ) − µ̂K (0),

(9)

where µ̂K (u) is a nonparametric estimate of the regression function µ(u).
Stage 2 (parametric): Plug in the estimates w
bn,N obtained in Stage 1 to the loss function
b N ,N (c) =
Q
0

N0
X

2

[w
bn,N − µ(un , c)]

(10)

n=1

and minimize it, getting the solution b
cN0 ,N . Take the computed b
cN0 ,N as the estimate
of c∗ . The following theorem holds.
Theorem 2. Assume that the computed b
cN0 ,N is unique and for each N the minimizers
cN0 ,N , c∗ ∈ C, where C is a bounded convex set in Rm . If in stage 1, for some τ > 0, it
holds that µ̂K (un ) = µ(un ) + O(N −τ ) in probability as N → ∞ for n = 1, 2, ..., N0
and for un = 0 then b
cN0 ,N = c∗ + O(N −τ ) in probability as N → ∞.
For the proof see [17]. The theorem says that under our assumptions both convergence and the rate of convergence of the nonparametric estimate µ̂K (u) are conveyed
on the estimate b
cN0 ,N of the parameter vector c∗ , i.e., the estimate b
cN0 ,N converges to
∗
c in the same sense and with the same speed as µ̂K (u) to µ(u).
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Computational aspects
Linear and nonlinear least squares procedures

For the linear in parameters representation YN = ΦN P ∗ + ZN one can distinguish
two kinds of numerical procedures. First of them use the normal equation ΦTN ΦN P =
ΦTN YN , obtained by analytical minimization of kYN − ΦN P k2 with respect to P . It has
a unique solution if the matrix ΦTN ΦN is a full rank one. The necessary condition is that
basis functions f1 (), ..., fm () must be linearly independent. The sufficient condition
requires input to be reach enough (see e.g. [16]).
Second group of algorithms is based on performing orthogonal linear transformations directly on the undetermined equation YN = ΦN P . The most popular is singular value decomposition ΦN . It allows for save and effective computing of pseudo+
b
inverse Φ+
N of ΦN (see [21]), providing the best possible result P = ΦN YN even if
ΦN is rank-deficient.
The computational complexity of the least squares algorithms is

O (dim P )3 + O(N ); [31].
As regards the parametric optimization task (unconstrained nonlinear least squares)
to be solved in Stage 2 of the combined methods (see (10)) we can use to this end for
b N ,N (c) is then
instance the standard Levenberg-Marquardt method. Minimization of Q
0
performed with the use of the following iterative routine:
h
i−1
(i+1)
(i)
(i)
(i)
(i)
(i)
b
cN0 ,N = b
cN0 ,N − J T (b
cN0 ,N )J(b
cN0 ,N ) + λi I
J T (b
cN0 ,N )r(b
cN0 ,N )
n (c)
(n = 1, 2, ..., N0 ; j =
where J(c) is the Jacobian matrix of the form J(c)[n, j] = ∂r∂c
j
1, 2, ..., m), where rn (c) = µ(un , c) − w
bn,N and r(c) = (r1 (c), r2 (c), ..., rN0 (c))T .
The procedure is of on-line type and the dimensions of the inverted matrix are dim c ×
dim c.

6.2

Procedures for orthogonal and kernel algorithms

The wavelet algorithm demonstrated here is a remarkable example of orthogonal algorithm not only because of its good asymptotic behavior but also due to its minimal
numerical complexity – the number of operations necessary to calculate the coefficients
values in (7) from N measurements is of order O (N log N ) and, in case of sorted measurements reduces even further, to O (N ) – thanks to the application of the FWT – Fast
Wavelet Transform: cf. [33] and [20]. Note that such complexity can be achieved in spite
of the randomness of the measurement data, and that it is independent of the estimate
scale K (and a fortiori a number of coefficients to be determined). Furthermore, after
computing the coefficients, the measurement set can be removed – the estimate values
can be computed for an arbitrary u like in the parametric case (here with a complexity
O (log N ); cf. again [20]. Kernel algorithms are also of moderate complexity – the main
difference between them and their orthogonal counterparts lies in the fact that all the
measurements need to be now stored to allow computing estimate values for arbitrary
u. Hence, for N measurements one needs O (N ) operations for each u (in case of compactly supported kernels and sorted data, the complexity reduces only slightly and the
cost O (N log N ) of the initial sorting can only be compensated if the kernel estimate
is evaluated for a large number of different u’s); cf. [20].
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Semiparametric approach

Let us start with a short comparison of the two demonstrated approaches. The models
in parametric algorithms have usually an intuitive or formal interpretation (being e.g.
either a physical or chemical, or economical law), but the identification algorithm often
involves algebraic operations and thus is more computationally intricate (particularly,
when the model comprises a number of parameters). They are often global in their nature and therefore appropriate for prediction/extrapolation tasks. Finally, they converge
faster, given the model is correct.
On the other hand-side, the estimates in nonparametric algorithms are of quantitative rather than qualitative nature as they usually lack of ’natural’ or ’established’
interpretations. They need only simple arithmetic operations when computed from measurements. They are also locally dependent on the measurements and thus predisposed
to filtering problems. Their convergence is universal (yet slower), i.e. they recover virtually all characteristics (at the expense of greater measurements data – necessary for
compensation of a poorer prior knowledge).
Even from this sketchy comparison one can immediately conclude that the parametric and nonparametric algorithms complete each other rather than compete. It is
therefore reasonable, to consider a mixed approach, which ’picks up’ from them advantageous properties. This idea results in a semiparametric approach which has already
been considered in statistic literature, see e.g. a concept of additive regression [36, 14,
15] and the Fig. 1b. The first algorithm from this class (proposed in [34]) is based on the
polynomial parametric model from Section 3 and the nonparametric wavelet estimate
(6)-(7), and the other exploits the nonlinear-in-parameters model from Section 5 and the
kernel estimate (5). Both estimate the residuum µr (x) = µ (u) − µp (u) where µp (u)
is an appropriate parametric model from section 3 or 5.
Example 1. Assume that the parametric model is a polynomial of known order. Exploiting the vanishing moments property of the wavelets ψ mn (u), one can use directly
the estimate in (6) to recover µr (u) (and hence a genuine µ (u)) if the coefficients
estimates in (7) are initiated with α̂M n := −µp , ϕM n and β̂ mn := 0.
Example 2. In a more general case, when a parametric model is unknown (or the
class of admissible models is broader than polynomials) one can simply reuse the kernel algorithm (5) with arbitrary kernel function K (u), and modified measurements set
{uk , yk0 } where yk0 = yk − µp (uk ) to estimate the residuum µr (u).

8

Summary

The two approaches to the problem of system identification, the parametric and nonparametric ones, have already established position in the literature, they are found in
applications, and their properties are well known. The presented here semiparametric
approach is an attempt to get ’the best’ from these two and reveals several potential
advantages: 1) Nonparametric parts are able to recover irregular nonlinearities better
than e.g. polynomials due to their good localization properties, 2) There are numerous implementations of wavelet and kernel algorithms available for different platforms
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(Matlab, Mathematica, C/C++/C#/Java, etc. see e.g. [32]), and 3) The existing models remain unaltered which can be important when the model is implemented
in a form of software library or service, or eventually in hardware. The proposed concept can further be used for better understanding of an investigated phenomena (e.g.
to furnish more accurate simulation results) or to get more accurate nonlinearity compensation (e.g. to enable application of linear optimization algorithms to the resulting
system).
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