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Abstract– A combined, parametric-nonparametric routine
for the identification of a static part of Hammerstein system
is presented. Parameters of the input nonlinear characteristic
of Hammerstein system are estimated for a wide range of random excitations and random noise, and without any knowledge of the parametric model of the output linear dynamics.
The needed unmeasurable interaction inputs are estimated in
a preliminary step by the nonparametric regression function
estimation method. Next, they are used in the nonlinear
optimization procedure for evaluating parameters of the static
subsystem. Broad class of nonlinear characteristics including
functions which are not linear in the parameters, as well as
the infinite length impulse response of the linear dynamics are
admitted. It is shown that the resulting parameter estimates
are consistent for both white and colored noise. The analytical
findings are validated using numerical simulation results.
Index Terms– Hammerstein system, nonparametric
regression, kernel estimation, nonlinear least squares,
Levenberg-Marquardt method.

I. INTRODUCTION
The decentralized approach to the identification of
block-oriented complex systems seems to be most natural and desirable, as such an approach corresponds
directly to the own nature of systems, composed of
individual elements distinguished in the block structure.
The Hammerstein system, built of a static non-linearity
and a linear dynamics connected in a cascade (Fig. 1),
is the simplest structure in the class and hence for
the most part considered in the system identification
literature (see e.g. [3] for the bibliography). Unfortunately, the popular, parametric, methods elaborated for
Hammerstein system identification do not enable full
decentralization of the system identification task, i.e.
independent identification of a static nonlinearity and
a linear dynamics in a completely decomposed manner
— first of all, because of inaccessibility for measurements
of the inner interconnection signal. They assume that
the description of system components, i.e. of a static
nonlinearity and a linear dynamics is known up to
the parameters (a polynomial model along with the
FIR dynamics representation is usually used) and these
parameters are ”glued” when using the measured inputoutput data of the overall system (e.g. [1], [2]). On the
other hand, in a nonparametric setting (the second class
of the existing identification methods, see, e.g. [5], [12])
no preliminary assumptions concerning the structure of
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subsystems are used and only the data decide about
characteristics of the system components, but then any
possible a priori knowledge about the description of
subsystems is inevitably lost. We propose a method
where the two approaches are combined. Namely, our
idea is to join the results obtained in the nonparametric
identification of nonlinear characteristics in Hammerstein
systems (see the papers cited above), e.g. by using
kernel regression or orthogonal series methods ([5], [9]),
with parametric knowledge of subsystems and standard results concerning nonlinear optimization methods
(see, for instance, [10]), taking advantages of both.
The paper is an extension of [6], where the combined
parametric-nonparametric algorithm was proposed for
the identification of parameters appearing linearly in
the static nonlinear element. We generalize the approach
introduced in [6] in the sense that we admit the static
characteristic µ() not linear in the parameters. Similarly
as in [6], the presented identification algorithm is two
stage. Stage 1 of the algorithm (nonparametric), consists
in nonparametric estimation of interaction inputs wk =
µ(uk ) (Fig. 1) to cope which their inaccessibility for
direct measurements. In stage 2 (parametric), using the
obtained estimates w
ek of wk , we identify parameters
of the static characteristic, and no a priori knowledge
of the linear dynamics is required. The latter may in
particular be extremely inaccurate. In our consideration
we assume that the system input is a random process,
and that the random output noise can possess an
arbitrary correlation structure. Due to the general form
of subsystems and correlation of the output noise, the
linear least squares approach presented in [6] fails, and
the nonlinear least squares technique is applied instead
of. We show that such an approach is computationally
convenient and eﬀective, i.e. leads to consistent models.
Suﬃcient conditions for convergence in probability of
the resulting parameter estimates are established. Performance of the method for moderate number of data
illustrate simulation examples. We focus in the paper on
the identification of a static nonlinear characteristic of a
Hammerstein system because of the possible diversity
of nonlinearities and that the nonlinearity is in fact
the main distinguishing feature of each system. In turn,
dynamical parts are each time linear.

II. STATEMENT OF THE PROBLEM
A. Hammerstein system
We consider the discrete-time Hammerstein system as
in Fig. 1 where uk , yk and zk are respectively the input,
zk
uk

µ (u, c* )

Fig. 1.

wk

{γ i }i =0
∞

vk

yk

further assume for convenience that u0 = 0 and µ(0) = 0,
without loss of generality.
The aim is to discover the true parameters c∗ =
∗ ∗
(c1 , c2 , ..., c∗m )T of the nonlinear subsystem using a set
of input-output data {(uk , yk ); k = 1, 2, ..., N } obtained
from the whole Hammerstein system in an identification
experiment.
III. ESTIMATION OF NONLINEARITY
PARAMETERS
For a collection of N0 inputs {un ; n = 1, 2, ..., N0 } let
us denote
WN0 = (w1 , w2 , ..., wN0 )T
(4)

The Hammerstein system.

output, and noise at time k, and wk is the interaction
input not available for measurement (see [2] for the
discussion).

where wn = µ(un , c∗ ) and introduce the following vector

B. General assumptions

Obviously, the square of Euclidean norm of the diﬀerence
between µN0 (c) and WN0 , i.e. the index
2

QN0 (c) = µN (c) − WN0 

In what follows we assume the following.
Assumption 1: The nonlinear characteristic µ(u) is a
Borel measurable function such that
|µ(u)|  p1 + p2 |u|

(1)

where p1 and p2 are some positive constants (cf. [4]).
Assumption 2: The form of a static nonlinearity (1)
is known up to the parameters, i.e. we are given the
function µ(u, c) such that µ(u, c∗ ) = µ(u) (Fig. 1),
where c∗ = (c∗1 , c∗2 , ..., c∗m ) is a vector of unknown true
parameters of the nonlinearity. The function µ(u, c) is
by assumption diﬀerentiable with respect to c, and the
gradient c µ(u, c) is bounded
c µ(u, c)  Gmax < ∞
Assumption 3: The linear dynamics

vk =

∞
[

γ i wk−i

∞
[

ω i εk−i

(2)

i=0

is asymptotically stable, with
S∞the unknown impulse
response {γ i }∞
,
(such
that
i=0
i=0 |γ i | < ∞).
Assumption 4: The input signal {uk } is an i.i.d.
bounded random process |uk | < umax , some umax > 0,
and there exists (but is unknown) a probability density
of uk , say ν(u).
Assumption 5: The output noise {zk } is a random, in
general correlated, process governed by the equation
zk =

(3)

i=0

where {εk } is a bounded stationary zero-mean white
noise (Eεk = 0, |ε
k | < εmax < ∞), independent of the inS
∞
∞
put signal {uk }; i=0 |ω i | < ∞ and {ω i }i=0 is unknown.
Thus {zk } is a stationary zero-mean
S and bounded process
|zk |  zmax , where zmax = εmax ∞
i=0 |ω i |.
Assumption 6: µ(u0 ) is known at some point u0 and
γ 0 = 1.
Since, as was explained in detail in [6], Assumption
6 is taken only for technical reasons, hence we shall

µN0 (c) = [µ(u1 , c), µ(u2 , c), ...µ(uN0 , c)]T

0

is minimized by the vector c∗ of true parameters of the
nonlinearity, i.e.
2

c∗ = arg min µN0 (c) − WN0 

and hence the identification routine may be based on the
minimization of the following (weighted ”sum-of-squared
errors”) loss function
QN0 (c) =

N0
1 [
2
[wn − µ(un , c)]
N0 n=1

(5)

However, for the sake of inaccessibility of interactions
0
{wn }N
n=1 appearing in (5), such a direct minimization
of (5) w.r.t. c is not possible, but instead an indirect
two stage approach can be proposed where, in stage 1, a
nonparametric estimation of wn ’s is carried out yielding
the estimates w
en , and next, in stage 2, a parametric
minimization of QN0 (c) is completed using the obtained
w
en instead of wn . The arising identification scheme is
then the following.
Stage 1 (nonparametric): On the basis of M additional
M
input-output measurements {(uk , yk )}k=1 , for the selected N0 input points {un ; n = 1, 2, ..., N0 } appearing in
the loss function (5), estimate corresponding interactions
{wn = µ(un , c∗ ); n = 1, 2, ..., N0 } as
eM (un ) − R
eM (0),
w
en,M = R
(6)
eM (u) is a consistent nonparametric estimate of
where R
the regression function R(u) = E[yk |uk = u]. Estimation
0
points {un }N
n=1 may be the measured data, or arbitrarily
selected points (there is no formal diﬀerence between
such choices; see [6]).
Stage 2 (parametric): Plug in the estimates w
en,M obtained in stage 1 to the loss function (5) in place of wn ,
and minimize the quality index
N0
[
e N ,M (c) = 1
Q
[w
en,M − µ(un , c)]2
0
N0 n=1

(7)

getting the solution e
cN0 ,M .
The idea behind stage 1 (already explained in detail
in [6]) originates from the fact that under Assumptions
1÷5 it holds that
R(u) = γ 0 µ(u) + d
S∞
where d = Eµ(u1 ) i=1 γ i , and µ() is the Hammerstein
system nonlinearity, and under Assumptions 6 and 2
along with the fact that by assumption µ(0) = 0, we
further get that (see [6])
µ(u, c∗ ) = R(u) − R(0)
Such a routine is consistent, i.e. provides the estimate
which converges (as M → ∞) to the true parameter
vector c∗ . We emphasize that identification of c∗ can be
performed without any prior knowledge about a dynamic
part of the system. The following theorem refers to this
property.
eM (0) → R(0) and
Theorem 1: If in stage 1 R
e
en,M → wn , in probability as
RM (un ) → R(un ), i.e. w
M → ∞ for n = 1, 2, ..., N0 , then also
e
cN0 ,M → c∗ as M → ∞

(8)

where K(u) is a kernel (weighting) function and h(M )
is a bandwidth parameter controlling the range of
data used for estimating a regression function R(u)
at a given point u. Standard examples
=
 √ are
 K(u)
2
I[−0.5,0.5] (u), (1 − |u|)I[−1,1] (u) or 1/ 2π e−u /2 and
h(M ) = const · M −α with 0 < α < 1. Owing to
the convergence results worked out in [15], we find
that for each of the above kernels K(u) it holds that
eM (u) → R(u) pointwise in probability as M → ∞,
R
and that the convergence takes place at every point
u ∈ Cont(µ, ν), the set of continuity points of µ(u) and
ν(u), at which ν(u) > 0, where ν(u) is a probability
density function of the system input (assumed to exist,
cf. Assumption4).√Applying
in particular the Gaussian

2
kernel K(u) = 1/ 2π e−u /2 and taking, according to
−1/5
the recommendation in
we attain
 [5], h(M ) ∼ M
e

the convergence rate RM (u) − R(u) = O(M −2/5 ) in
probability, provided that µ(u) and ν(u) are at the
estimation points u ∈ {0, un ; n = 1, 2, ..., N0 } (see (6))
at least two times continuously diﬀerentiable functions
and ν(u) > 0 there (cf. [5]).
Example 2) Orthogonal series regression estimate studied e.g. in [4] is based on the observation that

g(u)
in probability.
µ(u) =
Sketch of the proof. From triangle inequality we obtain
ν(u)
(neglecting the scaling constant N10 )
where g(u) = µ(u)ν(u), and for square integrable g(u)

2
and
ν(u) and proper orthonormal basis {φi }∞
i=0 we have
fN0 ,M − µN (c)
e N0 ,M (c) = 
=
Q
W

0
∞
∞
[
[

2
f

ai φi (u),
f (u) =
bi φi (u)
g(u) =
= WN0 ,M − WN0 + WN0 − µN0 (c) 
i=0
i=0

2

2
f


 where it easily appears that
 2 W
N0 ,M − WN0  + 2 WN0 − µN0 (c)
After some transformations, following the lines of the
proof of Theorem 1 in [11], we get
2
 


 f
e
sup Q
N0 ,M (c) − QN0 (c)  WN0 ,M − WN0 

eN0 ,M (c) and QN0 (c) become
Hence if M → ∞, then Q
equivalent for each c and the convergence (8) holds. 
The class of consistent nonparametric regression funceM (un ) which were elaborated up to now
tion estimates R
in the literature for Hammerstein systems and can be
employed in stage 1 encompasses kernel and orthogonal
series estimates, including that using wavelet functions.
As an example we present below the kernel estimate and
the orthogonal series regression estimate, very easy for
computation.
Example 1) Kernel regression function estimate (studied in [5], [15]), has the form
SM
u−uk
k=1 yk K( h(M) )
eM (u) =
R
=
(9)
SM
u−uk
k=1 K( h(M) )
=

k
K( u−u
h(M) )
· yk
SM
u−uk
k=1 K( h(M) )
k=1

M
[

ai = Eyk φi (uk ) and bi = Eφi (uk )

The latter may be simply estimated in the following way
M
M
1 [
1 [
e
yk φi (uk ) and bi =
φi (uk )
e
ai =
M
M
k=1

k=1

leading to the nonlinearity estimate of the form
Sq(M)
e
ai φi (u)
µ
eM (u) = Si=0
q(M) e
i=0 bi φi (u)

For assuring convergence of µ
eM (u) to µ(u) in probability,
the rate of increasing of the ’cut-oﬀ’ factor q(M ) with M
must be appropriately slow, e.g. q(M ) → ∞ as M → ∞,
but q 2 (M )/M → 0 for trigonometric or Legendre series,
q 6 (M )/M → 0 for Laguerre series and q 5/3 (M )/M → 0
for Hermite series [9].
For a general treatment of nonparametric regression
function estimation methods we send the reader to [8]
and [15].
As regards the optimization task (unconstrained nonlinear least squares) to be solved in stage 2, we can use
standard Levenberg-Marquardt method. Minimization of
e N ,M (c) in stage 2 of the identification procedure is
Q
0

then performed with the use of the following iterative
routine:
(i+1)

(i)

= e
cN0 ,M −

e
cN0 ,M

(i)

(i)

cN0 ,M )J(e
cN0 ,M ) + λi I)−1 ·
(J T (e
(i)

(i)

cN0 ,M )r(e
cN0 ,M )
·J T (e

where J(c) is the Jacobian matrix of the form J(c)[n, j] =
∂rn (c)
(n = 1, 2, ..., N0 ; j = 1, 2, ..., m), where rn (c) =
∂cj
µ(un , c)− w
en,M and r(c) = (r1 (c), r2 (c), ..., rN0 (c))T . The
λi ’s are weighting coeﬃcients (continuation parameters)
modified according to the rule
+
(i+1)
(i)
e N ,M (e
e N ,M (e
cN0 ,M ) N Q
cN0 ,M )
λi · ν, if Q
0
0
λi+1 =
λi /ν, otherwise
where ν > 1 (see [10] and [13] for various implementations and discussion of Levenberg-Marquardt method).
The optimization in stage 2 can be also performed
with use of heuristic methods, e.g. simulated annealing,
tabu search or genetic algorithms.
IV. SIMULATION EXAMPLES

The Hammerstein system with the following static
nonlinearity was simulated:
µ(u, c∗ ) = u + u2 − u3 i.e. µ(u, c∗ ) = c∗T φ(u), where
φ(u) = (u, u2 , u3 )T and c∗ = (1, 1, −1)T ;
We compared eﬃciency of our two-stage routine with
the instrumental variables approach proposed by Söderström and Stoica in [14], assuming incorrect a priori
knowledge about the linear dynamics structure. Namely,
the true dynamic subsystem was in the experiment
vk = 0.5vk−1 +wk +0.5wk−1 but the parametric model of
the linear dynamics was assumed as vk = β 1 vk−1 +α0 wk .
The system input and the output noise were generated
as follows uk ∼ U [−10, 10] and εk ∼ U [−0.1, 0.1],
and the aim was to estimate true parameters c∗ of
the nonlinearity µ(u, c). To compare our two stage
identification algorithm with the instrumental variables
in [14], the overall input-output parametric model has
been computed
= A1 vk−1 + B01 uk +
]

B02 u2k

+

B03 u3k

]

(ss)T
φk
p

where
(ss)

φk

(ss)

= (vk−1 , uk , u2k , u3k )T , p = (p1 , p2 , p3 , p4 )T

(ss)

(ss)

where ΦN0 = (φ1 , φ2 , ..., φN0 )T , φk = (uk , u2k , u3k )T and
fN0 ,N = (w
W
e1,N , w
e2,N , ..., w
eN0 ,N )T with the computed estimates w
ek,N . Next we compared appropriate estimation
errors of the nonlinearity parameters produced by both
methods
e
cN0 ,N − c∗ 2
· 100%
∆c =
c∗ 2

and

∆c(ss) =


 (ss)

e
p N − c∗ 

(ss)

(ss)

A. Nonlinearity recovering under incorrect a priori
knowledge of the linear dynamics

(m)
vk

(ss)

with ΨN = (ψ 1 , ψ 2 , ..., ψ N )T and the instruments
(ss)
ψ k = (uk−1 , uk , u2k , u3k )T . In turn, in the nonparametric
stage of our two-stage procedure we set N0 = 10 and,
for comparison purposes, assumed M = N (with N the
same as for (10)) in the kernel estimate of wk ’s (see
(6), (9)) taking due to [5] hopt (M ) = 4.1M −0.2 . In the
parametric stage (stage 2) we used linear least squares,
getting the estimate

−1 T
fN ,N
e
cN0 ,N = ΦTN0 ΦN0
ΦN0 W
0

p
e

2

c∗

(ss)

p
e

2

· 100%

(ss)

p
e

where pe N
= ( α2,N
, α3,N
, α4,N
)T for growing data
0
0
0
length N . The results are presented in Fig. 2. We see
that the combined parametric-nonparametric approach is
truly robust to the incorrect knowledge of the parametric
description of the linear subsystem, in contrast with the
algorithm in [14], where the systematic estimation error
(bias) appears.
[%]
8
(ss)

∆c
6

4

∆c
2
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Fig. 2. Comparison between 2 step and S.-S. algorithm.

B. Estimation of non-linear in parameters static characteristic µ
The linear in parameters static characteristic of the
Hammerstein system studied in Section 4.1 has been
replaced by
∗

µ(u, c∗ ) = ec1 u + sin c∗2 u with c∗1 = c∗2 = 1

and
p1
p3

= A1 = β 1
p2 = B01 = α0 c1
= B02 = α0 c2
p4 = B03 = α0 c3

and implemented along with the estimate borrowed from
[14]:
(ss)
(ss)T
(ss)T
(10)
peN = (ΨN ΘN )−1 ΨN YN

i.e. by the function µ(u) = eu + sin u. Since dim c∗ = 2,
in Stage 1 of our procedure we can choose N0 = 2 and
select any u1 , u2 = 0 (u1 = u2 ) as the estimation points
for computing the nonparametric pointwise estimates
of µ(u1 , c∗ ) and µ(u2 , c∗ ). We set u1 = 1, u2 = 2
and used the kernel estimate, described in Example 1,

with Gaussian kernel. In turn, in stage 2, LevenbergMarquardt methodology (sketched out in Section 3)
has been applied for minimization of appropriate loss
function (cf. (7))
e N0 ,M (c) =
Q

=

2
1[
2
[w
en,M − ec1 un − sin c2 un ] =
2 n=1
2
1[ 2
r
2 n=1 n

being the empirical version of the index (5). The Jacobian
matrix has the form
%
& 

∂r1
∂r1
ec1
sin c2
∂c
∂c
1
2
J(c) = ∂r2 ∂r2
=
2e2c1 2 sin 2c2
∂c1
∂c2
For λ0 = 1/1024 and ν = 8 we obtained the estimation
cN
e

∗
,M −c

0
2
errors ∆c (M ) =
· 100% shown in Fig. 3
c∗ 2
illustrating the dependence of the estimation accuracy on
the number of data M used for nonparametric estimation
in stage 1. Various plots correspond to various intensity
δ of the noise εk ∼ U [−δ, δ].

∆20c
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Fig. 3. Estimation error with the use of
Levenberg-Marquardt or genetic algorithm.

The optimization in stage 2 has been also performed
with use of the typical genetic method and provided the
same results as in Fig. 3.
V. CONCLUSIONS
The approach proposed in the paper is distinguished
by: 1) small a priori knowledge of the random signals
needed for the identification scheme to work and generality, as any particular model of the noise is not assumed, 2) broad applicability, as vast class of non-linear
characteristics (not necessarily linear in parameters) is
admitted, 3) complete decomposition of the Hammerstein system identification task, and extraction of the
nonlinearity recovering as identification of the static
subsystem is performed independently of the system
dynamics, 4) robustness to the partial inaccuracy of a
priori knowledge, as successful identification of the static
system component can be performed in spite of imprecise parametric information of the linear dynamics, 5)

computational simplicity, as identification is performed
by using standard identification routines well elaborated
software, and nonparametric stage needs only elementary
computations.
In the paper, general conditions are provided for
obtaining a successful symbiosis of parametric and nonparametric methods, i.e. of getting hybrid parametricnonparametric identification algorithms which guarantee
achievement of consistent and eﬀective estimates at no
great expense.
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