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System description
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System description

yi = Aixi + Biui + ξ i (i = 1, 2, ..., n),

u = (u1, u2, ..., un)
T

x = (x1, x2, ..., xn)
T

y = (y1, y2, ..., yn)
T

xi = Hiy + δi
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System description

A = diag(A1,A2, ...,An)

B = diag(B1,B2, ...,Bn)

H =
(
HT1 ,H

T
2 , ...,H

T
n

)T
{
y = Ax + Bu + ξ
x = Hy + δ
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Example —cascade system

1u
2u

11,BA 22,BA
3y

12 yx 

33, BA

3u

23 yx 1x

Cascade system

H =

 0 0 0
I 0 0
0 I 0





The system Identifiability Identification Optimal control Summary

Identifiability
Cascade system

Twierdzenie
I -th element is identifiable in cascade system if and only if the
following condition holds

rank [Ai−1Ai−2...A1, Ai−1Ai−2...B1, ..., Ai−1Bi−2, Bi−1] = dim xi

[Hasiewicz, Int. J. Sys. Sci., 1987]
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Identifiablility
General structure

Twierdzenie
I -th element is identifiable in general system if and only if the
following condition holds

rankHi
[
K (1), ...,K (i−1),K (i+1), ...,K (n)

]
= dim xi ,

where K (i ) denotes i-th column block of the matrix

K = (I − AH)−1B.

[Hasiewicz, Int. J. Sys. Sci., 1987]
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Least squares

YiN = [y (1)i , y (2)i , ..., y (N )i ]

WiN = [w (1)i ,w (2)i , ...,w (N )i ]

wi = (xi , ui )
T

YiN = (Ai ,Bi )WiN + ξ i

w̃i = (x̃i , ui )
T , x̃i = Hiy = xi − δi

W̃iN = [w̃
(1)
i , w̃ (2)i , ..., w̃ (N )i ]

(Âl .s .i , B̂ l .s .i ) = YiNW̃
T
iN

(
W̃iNW̃

T
iN

)−1
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Instrumental variables

(Âl .s .i , B̂ l .s .i ) = YiNW̃
T
iN

(
W̃iNW̃

T
iN

)−1
(Âi .v .i , B̂ i .v .i ) = YiNΨT

iN

(
W̃ T
iNΨT

iN

)−1
,

W̃iN = [w̃ (1)i , w̃ (2)i , ..., w̃ (N )i ]

ΨiN = [ψ
(1)
i ,ψ

(2)
i , ...,ψ

(N )
i ]

ψ
(k )
i =

(
ψ
(k )
i ,1 ,ψ

(k )
i ,2

)T
.

optimal instruments

ψ∗i = w i = (x i , ui )
T , x i = E (xi |u) = HiKu
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Global approach

{
y = Ax + Bu + ξ
x = Hy + δ

y = A (Hy + δ) + Bu + ξ,

(I − AH) y = Bu + Aδ+ ξ,

y = Ku + Gθ

K = (I − AH)−1B
control

u = K−1yż
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Local contrlo

local decision ui (balancing)

yż ,i = aixi + biui

xi = Hiyż

control

ui =
yż ,i − aiHiyż

bi
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Objective function and constraints

constraints

(ui , xi ) ∈ Ci

∑
i
ri (ui , xi ) ≤ r0

local quality/performance index

Qi (ui , xi )

global index

Q = ψ(Q1,Q2, ...,Qn)

ψ() —order preserving function

e.g. Q = ∑
i
Qi
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Two-level optimization (with decomposition)

u =
(
u(1), u(2)

)
u(1) —upper level decisions (coordination variables)

u(2) — lower level controls

max
u
Q(u) = max

u(1)

{
max
u(2)

Q
(
u(1), u(2)

)}
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Coordination procedures
Direct method

upper level

Q = ψ (Q1(yd ,rd1), ...,Qn(yd ,rdn ))→ max
yd ,rd

∑
i
rdi ≤ r0

lower level

Qi (ui , xi ) → max
ui

xi = Hiyd , (ui , xi ) ∈ Ci , ri ≤ rdi
problem: for any (yd , rd ), the solution may not exist

(yd , rd ) ∈ YR

set YR —diffi cult to determine (depends on system structure and
contstraints)
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Coordination procedures
Penalty method

upper level

Q = ψ
(
Q1(yd ,rd1), ...,Qn(yd ,rdn )

)
→ max

yd ,rd

lower level

Q i = Qi (ui , xi )−K (yi − ydi )→ max
ui
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Coordination procedures
Price method

upper level

φ(λ) = ∑
i
Qi (ui (λ), xi (λ)) + 〈λ, x(λ)−Hy(λ)〉 → min

λ

lower level

Q̃ = Qi (ui , xi ) + 〈λi , ui 〉 − 〈µi , yi 〉 → min
ui
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Generalization
Nonlinear systems
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