
9.
Recursive least squares
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off-line version (with storing data in memory)

âN = (X
T
NXN)

−1XT
NYN

on-line version (recursive)
aN = f(aN−1, xN , yN) = aN−1 + δ(aN−1, xN , yN)

Problem: matrix to be inverted

XT
NXN =

N∑
k=1

xkx
T
k =

N−1∑
k=1

xkx
T
k + xNx

T
N = XT

N−1XN−1 + xNx
T
N

Let
PN = (X

T
NXN)

−1

cov(aN) = PNσ
2
z

We get

aN = PNX
T
NYN

aN−1 = PN−1X
T
N−1YN−1

PN =
(
P−1N−1 + xNx

T
N

)−1
, where P−1N−1 = XT

N−1XN−1

Lemat 1 It holds that (
A+ uuT

)−1
= A−1 − 1

1 + uTA−1u
A−1uuTA−1

For A = P−1N−1 and u = xN we have that

PN = PN−1 −
1

1 + xTNPN−1xN
PN−1xNx

T
NPN−1 = PN−1 − κNPN−1xNxTNPN−1

where κN =
1

1 + xTNPN−1xN
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aN =
(
PN−1 − κNPN−1xNxTNPN−1

) (
XT
N−1YN−1 + xNyN

)
=

= PN−1X
T
N−1YN−1 + PN−1xNyN − [κNPN−1xN ](xTNPN−1XT

N−1YN−1 + xTNPN−1xNyN) =

= aN−1 + [κNPN−1xN ]{
1

κN
yN − xTNaN−1 − xTNPN−1xNyN}

but since
1

κN
= 1 + xTNPN−1xN

we conclude that
{...} = yN + xTNPN−1xNyN − xTNaN−1 − xTNPN−1xNyN = yN − xTNaN−1

and hence

aN = aN−1 + κNPN−1xN(yN − xTNaN−1) (1)

PN = PN−1 − κNPN−1xNxTNPN−1 / · xN

PNxN = PN−1xN − κNPN−1xNxTNPN−1xN = κNPN−1xN{
1

κN
− xTNPN−1xN}

{...} = 1

PNxN = κNPN−1xN

finally, (1) can be shown in the form

aN = aN−1 + PNxN(yN − xTNaN−1)

where PN = PN−1 −
PN−1xNx

T
NPN−1

1 + xTNPN−1xN

initial conditions
a0 = 0, P0 = diag[103 ÷ 105]

3



advantages: algorithm works without matrix inversion computation, measurement need not to be stored in
memory
weighted least squares (with exponential forgetting)

aN = aN−1 + PNxN(yN − xTNaN−1)

PN =
1

λ

(
PN−1 −

PN−1xNx
T
NPN−1

λ+ xTNPN−1xN

)
for dynamic system

θN = θN−1 + PNϕN(yN − ϕTNθN−1)

PN =
1

λ

(
PN−1 −

PN−1ϕNϕ
T
NPN−1

λ+ ϕTNPN−1ϕN

)
instrumental variables

θN = θN−1 + PNψN(yN − ϕTNθN−1)

PN =
1

λ

(
PN−1 −

PN−1ψNϕ
T
NPN−1

λ+ ϕTNPN−1ψN

)
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